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SEIBERG-WITTEN-CASSON INVARIANT OF HOMOLOGY
S1 × S3 WITH CIRCLE ACTION
DAOYUAN HAN
Abstract. In this paper we shall compute the Mrowka-Ruberman-Saveliev
invariant introduced in [17] for the case when the manifold admits a free circle
action.
1. Introduction
The Mrowka-Ruberman-Saveliev invariant [17] defined for 4-manifolds with b+2 =
0 is the count of irreducible solutions plus an index of Dirac operator over end-
periodical manifold. Several special cases have been computed by others, for ex-
ample, when X is of the form S1 × Y and Y is of the homology type of the three
sphere S3, Mrowka, Ruberman, Saveliev proved using Lim’s work in [9] that it coin-
cides with Casson’s invariant. The authors of [17] computed this invariant in other
cases, like mapping tori. Moreover, we want to verify a special case of the con-
jecture made in the paper [17], which states that the Mrowka-Ruberman-Saveliev
invariant is the same as the invariant define by Furuta and Ohta in [8], which is
considered as another generalization of Casson’s invariant to 4-manifold.
We shall begin this section by reviewing the definition of the Mrowka-Ruberman-
Saveliev invariant introduced in [17]. Let X be an integral homology S1×S3, then
define
λSW (X) = #M(X, g, β)− ω(X, g, β),
where #M(X, g, β) is the count of irreducible solutions in the Seiberg-Witten mod-
uli space over X equipped with metric g and perturbation β and ω(X, g, β) is a
correction term so that λSW (X) is independent of g and β. The correction term
ω(X, g, β) is defined as
ω(X, g, β) = indexD+(Z+, g, β) + sign(Z)/8,
where Z+ = Z ∪ W1 ∪ W2 ∪ · · · , with each copy of Wi a cobordism formed by
cutting along a 3-submanifold M representing generator of H3(X), and Z is a spin
4-manifold with boundaryM . D+(Z+, g, β) is the Dirac operator over Z+ equipped
with Spin-structure extending that over W to Z. And it is proved in [17] that this
correction term is independent of Z and the way to extend the Spin structure.
This invariant can be treated as a lift of Rohlin’s invariant by Theorem A in
[17], which can also be considered as a generalization of Theorem 1.2 by Chen
in [18], where an integer invariant α(Y ) for homology sphere Y is defined and
equal to Rohlin’s invariant mod 2. The Chen’s invariant in [18] is also defined as a
combination of Seiberg-Witten invariant and index correction term.
The proof that λSW is well-defined in [17] uses the blown-up of SW-equation and
shows at first that for generic metric and perturbation (g, β), the pair is regular,
meaning that the corresponding blown-up moduli space has no reducible solution.
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The moduli space under regular pair of (g, β) is a zero dimensional manifold by
computing the virtual dimension. Considering a path of such regular pairs, it’s
proved that the corresponding parametrized moduli space is a 1-dimensional mani-
fold with boundaryM(X, g0, β0)∪M(X, g1, β1)∪M0I whereM
0
I denotes the path
components approaching reducibles. Thus the change of Seiberg-Witten invariants
can be expressed as the count of points in M0I . Then the remainder of the proof
shows that there is a 1-1 correspondence between the change of correction terms
along the same path (gt, βt) and M0I . It is achieved by expressing the change of
correction terms as a spectral flow of certain path of Dirac operators over X . This
new path of Dirac operators over X is derived from Laplace-Fourier transform of
the end-periodic Dirac operators over Z+. Note that the spectral flow only changes
when a Dirac operator on the path has nontrivial kernel and it remains to be seen
that the parameters where the kernel is nontrivial are in 1-1 correspondence with
the points in M0I .
When the manifold admits a free circle action, the Seiberg-Witten invariant
and the correction term can be computed more explicitly. We assume that the
circle action induces a S1-bundle π : X → Y whose Euler number e = 1. The
submanifold M of X representing the homology generator of H3(X ;Z), fibers over
a 2-surface Σ. It is shown by Baldridge [4] that in this case, the Seiberg-Witten
invariant of X can be related to the 3 dimensional Seiberg-Witten invariant of Y ,
and this 3-dimensional Seiberg-Witten invariant can be further related to Alexander
polynomial of a knot, surgery on which of S3 gives Y . The correction term on the
other hand, can be computed by using a special neck-stretching metric in [10] over
Z+ with the effect of stretching M × [0, R] by letting R be sufficiently large, and
we can then use the index formula for cylindrical end manifold to compute the
correction term. Thus we have the following theorem,
Theorem 1.1. Let X be a smooth 4-manifold of integral homology S1× S3 with a
free circle action such that X is circle bundle over Y and H∗(Y ) = H∗(S
1 × S2).
Then there exists a pair (gX , β) such that #M(X, gX , β) = ∆′′Y (1), where ∆Y (t)
denotes the normalized Alexander polynomial and the correction term ω(X, gX , β) =
0.
Note that when the infinite cyclic cover X˜ has the same homology as S3, we have
#M(X, g, β) = 0 as ∆Y (t) is trivial. Thus we can verify the following conjecture
made in [17] in the case when X admits a free circle action.
Conjecture 1.2 ([17]). For any smooth oriented homology oriented 4-manifold X
with the Z[Z]-homology of S1 × S3, one has
λSW (X) = −λFO(X).
Here the λFO(X) denotes the Furuta-Ohta invariant introduced in [8] defined
by counting the points in the moduli space of irreducible ASD connections on a
trivial SU(2) bundle P → X and is zero when the assumptions in Theorem 1.1 are
satisfied [15].
2. Seiberg-Witten invariant
2.1. Moduli space over circle bundle. LetX be a smooth 4-manifold admitting
a free circle action and the circle bundle π : X → Y has Euler number 1. We can
equip X with a metric of the form gX = η⊗η⊕π
∗gY where gY is a any metric on Y
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and iη is a connection 1-form of the circle bundle π : X → Y . Under these settings,
Scott Baldridge proved in [4] that the Spinc-structures ξ for which SWX(ξ) 6= 0
are pulled back from the ones on Y and the moduli space of Y equipped with the
metric gY is homeomorphic (or orientation preserving diffeomorphic for well chosen
metric and perturbation) to a component of the moduli space of X equipped with
the metric gX = η ⊗ η ⊕ π∗gY .
Theorem 2.1. (Baldridge [4]) The pullback map induces a homeomorphism
π∗ :M∗(Y, gY , δ)→ N
∗(X, gX , π
∗(δ)+).
There exists pairs (gY , δ) such that the two moduli spaces are smooth and π
∗ is an
orientation-preserving diffeomorphism.
To get an idea of the proof of this theorem, we consider the projection map π :
X → Y which induces a map between moduli space π∗ :M∗(Y, gY )→M
∗(X, gX).
Given a proper perturbation 2-form δ on Y , and pull-back perturbation 2-form
π∗(δ) then π∗ : M∗(Y, gY , δ) → M∗(X, gX , π∗(δ)+) is a map between smooth
moduli spaces. The map π∗ is injective. This can be seen by considering two pairs
of solutions of Seiberg-Witten equation over Y which are pulled back to solutions
over X , (A,Φ), (A′,Φ′) which differ by a gauge transformation g ∈Map(X,S1). It
remains to check that g is a pull-back from a gauge transformation g′ ∈Map(Y, S1).
It’s not hard to see g can be viewed as a section of π∗(End(det(S))) where S is the
spinor bundle over Y . The connection ∇End on the bundle End(π∗(W )) satisfies
(∇EndT )g(Φ) = ∇
A
T (gΦ)− g∇
A
T (Φ) = 0,
where T is a vertical vector field of unit length along the fiber, because gΦ = Φ′ is
a pull-back from spinor over Y . By ellipticity of the first Seiberg-Witten equation
DAΦ = 0 as a function of Φ, we know Φ 6= 0 on a dense open subset. Therefore
∇EndT g = 0 meaning g is constant along the fiber. This shows g is a pull-back from
a gauge transformation g′ ∈ Map(Y, S1). The above argument is due to Baldridge
in [4].
As in [4], the image of π∗ : M∗(Y, gY , δ) → M∗(X, gX , π∗(δ)+) is denoted
by N ∗(X, gX , π∗(δ)+), which is the component in M∗(X, gX , π∗(δ)+) with Spinc
structures pulled back from Y . To prove that π∗ is a diffeomorphism, we need a
description of the tangent space to the moduli space at a solution S0. This is done
by considering the deformation complex at S and identifying the tangent space
to S with H1S , the first cohomology group of the complex. It’s proved in [4] that
π∗(H1S0) = H
1
S where S is an irreducible solution over X and S0 is a solution
over Y such that S = π∗(S0). In addition, we can see that π : X → Y preserves
the homology orientation. Given an ordered base of H1(Y ;R), we can use Gysin
sequence to see that H1(X ;R) is isomorphic to H1(Y ;R), so an orientation in
H1(Y ;R) gives one in H1(X ;R). Note that the homology orientation for X is an
orientation for the vector space H1(X ;R) ⊕ H+(X ;R) = H1(X ;R) when X is a
homology S3 × S1.
2.2. Seiberg-Witten invariant for b1(Y ) = 1. The Baldridge theorem above
helps us understand SW-invariants over total space of circle bundle in terms of
those over the base space. In this subsection, we will focus on the 3-dimensional
SW-invariant over the base space of the circle bundle π : X → Y . Note that the
Baldridge theorem has no restriction on b1. When b1(Y ) > 1, the SW-invariant is
a diffeomorphism invariant while in the case when b1(Y ) = 1, there is a chamber
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structure and we have two invariants SW±Y and they are related by the following
fundamental wall-crossing formula by Meng and Taubes
Theorem 2.2. (Meng-Taubes [11]) Let Y be the homology S2 × S1 obtained from
0-framed surgery on a knot K ⊂ S3. Then
SW−Y · (t− t
−1)2 = ∆K(t
2),
where t = tT for the generator T of H
2(Y ;Z) = Z satisfying T · λ = 1.
When Y is homology S2 × S1, there is no torsion element in H∗(Y ), the spin
c-
structures s over Y are classified by c1(s) := c1(det(S)) ∈ H2(Y,Z). We know
c1(s) is an even class for it is an integral lift of Stiefel -Whitney class w2. So there
is a 1-1 correspondence between k ∈ Z and spinc-structures sk with c1(sk) = 2k.
The pullback spinc-structure π∗sk over X are equivalent if X is homology S
3×S1,
we will denote this unique spinc structure by ξ0. In view of Theorem 2.1, the
Seiberg-Witten invariant of the spinc-structure ξ0 over X is equal to the sum of
the invariants SWY (sk) over all the spin
c-structures on Y .
In general, there is a small-perturbation Seiberg-Witten invariant defined for 3-
manifold Y with b1(Y ) = 1. It is defined using Seiberg-Witten equation with an
exact perturbation. In the case when b1(Y ) = 1, the existence of reducible solution
gives FA = δ where δ is the perturbation 2-form. This condition gives a codimension
1 ”wall” in H2(Y ;R) since it’s equivalent to (2πc1(s) + δ) · λ = 0 for λ a generator
of H1(Y ;R) dual to the orientation of H1(Y ;R). When the perturbation form δ
is an exact 2-form, the small-perturbation Seiberg-Witten invariant SW 0Y (sk) [7] is
well defined for Y with b1(Y ) = 1
SW 0Y (sk) =
{
SW+Y (sk) if k > 0
SW−Y (sk) if k < 0
.
To see that the Seiberg-Witten invariant of the spinc-structure ξ0 over X with
parameter (gX , π
∗(δ)+) is equal to the sum of the invariants SW 0Y (sk) over all the
spinc-structures on Y with parameter (gY , δ), we need to verify first that both sides
are well defined under suitable choice of (gY , δ). Consider the exact perturbation
δ = dα ∈ Ω2(Y ;R), the pull-back π∗δ = π∗(dα) = dπ∗α ∈ Ω2(X ;R) to X is a S1-
invariant exact perturbation 2-form after projecting to self-dual component. Since
Y is three dimensional, we know the expected dimension of the moduli space is
0 and in addition, we can find metric and exact perturbation (gY , δ) so that the
moduli space is smooth without any reducible solution. In terms of the deformation
complex associated with the gauge action and Seiberg-Witten equation
0→ Ω0(Y ; iR)
δ0
→ Ω1(Y ; iR)⊕ Γ(S)
δ1
→ Ω1(Y ; iR)⊕ Γ(S)→ 0,
where the first map δ0 at a solution (A0,Φ0) is given by the derivative of gauge
group action,
δ0(γ) = (2dγ,−γΦ0),
and the second map δ1 at a solution (A0,Φ0) is given by
δ1(a, φ) = (∗(da−
1
2
σ(Φ0, φ)), DA0+αφ+
1
2
a · Φ0),
we know that the H0(A0,Φ0) = H
1
(A0,Φ0)
= H2(A0,Φ0) = 0 for the complex above by
our assumption on (gY , δ). We have a corresponding complex on X
0→ Ω0(X ; iR)→ Ω1(X ; iR)⊕ Γ(S+)→ Ω1(X ; iR)⊕ Γ(S−)→ 0
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at a solution (A,Φ) = π∗(A0,Φ0) defined in a similar way. By Baldridge’s theroem
in [4], we know that under the parameter (gX , π
∗(δ)+), π induces an isomorphism
between H1(A0,Φ0) and H
1
(A,Φ), thus H
1
(A,Φ) = 0. When X is a 4-manifold with
free circle action, the expect dimension of the moduli space is 0 by direct com-
putation. So at each irreducible solution (A,Φ) ∈ M∗(X, gX , π∗(δ)+), H0(A,Φ) =
H1(A,Φ) = H
2
(A,Φ) = 0. Each equivalence class of solution in M
∗(X, gX , π
∗(δ)+)
is then an isolated point with smooth neighborhood modeled on the zero of the
Kuranishi map H1(A,Φ) → H
2
(A,Φ). So there is a well-defined number (not an in-
variant) SWX(ξ0, gX , π
∗(δ)+) defined by taking the algebraic count of points in
M∗(X, gX , π
∗(δ)+).
Now using the small-perturbation Seiberg-Witten invariant, the sum of Seiberg-
Witten invariant over all spinc-structures sk on Y is equal to∑
k∈Z
SW 0Y (sk) =
∑
k∈Z
a1+|k| + 2a2+|k| + 3a3+|k| + · · · ,
where ai’s on the right hand side are coefficients of the normalized Alexander poly-
nomial of Y . It’s not hard to check that the right hand side is the ∆′′Y (1). Therefore,
by the discussion above, we know that the Seiberg-Witten invariant of the spinc-
structure ξ0 over X with parameter (gX , π
∗(δ)+) is equal to ∆′′Y (1).
3. Correction Term
3.1. Neck Stretching Operation. The correction term can be simplified by using
the neck stretching operation discussed in detail in [10]. LetM be the 3-submanifold
reperesenting the Poincare dual to the generator of H1(X ;Z). The metric on X
induces a metric on M by restriction. Assuming that the metric gX is a product
in a neighborhood [−ǫ, ǫ]×M , ǫ > 0. Consider the manifold ”with long neck”
XR =W ∪ ([0, R]×M),
where W is the cobordism obtained by cutting X along Y . It’s prove in [10] that
under certain assumptions, this long neck manifold XR with metric gR obtained by
gluing metric gX |W and product metric on the cylinder [0, R]×M can be used to
compute the correction term.
Theorem 3.1 ([10]).
ω(XR, gR) = indexD
+(Z+(M), g, β) + σ(Z)/8,
where Z+(M) = Z ∪ ([0,∞) × M) and Z is a spin 4-manifold with ∂Z = Y .
It remains to check that the metric gX = π
∗(gY ) + η ⊗ η used in computing the
Seiberg-Witten invariant satisfies the following assumption from [10].
Assumption 3.2. The Dirac operator
D+(W∞, g∞) : L
2
1(W∞;S
+)→ L2(W∞;S
−)
is invertible, where W∞ = ((−∞, 0]×M)∪W ∪([0,+∞)×M) and g∞ is the metric
on W∞ induced by gX .
This metric in the above assumption exists in the case when X is an integral
homology S1×S3 by the Theorem 10.3 in [10]. So in the following sections, we will
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focus on computing ω(XR, gR) = indexD+(Z+(M), g, β) + σ(Z)/8. Using Atiyah-
Patodi-Singer index theorem [3], the correction term can be computed as
ω(XR, gR) = indexD
+(Z+(M), g, β) + σ(Z)/8
=
(∫
Z
Aˆ(p)−
1
2
hD −
1
2
ηD(M)
)
+
1
8
(∫
Z
L(p)− ηSign(M)
)
= −
1
2
hD −
1
2
ηD(M)−
1
8
ηSign(M).
Here hD := dimker(D+|M )
3.2. Eta Invariants of Dirac Operator. Let M be the restriction of the circle
bundle X → Y to a closed surface Σ which generates H2(Y ;Z). Equip Σ with a
constant sectional curvature metric gΣ such that Vol(Σ) = π. The induced metric
on M by restriction can be written as gM = π
∗gΣ⊕ η⊗ η and using this metric we
can split T ∗M = 〈η〉 ⊕ π∗T ∗Σ orthogonally. By rescaling the length of the fiber,
we can form a family of metrics, parametrized by fiber length,
grM = π
∗gΣ ⊕ ηr ⊗ ηr,
where ηr = rη. For each g
r
M , there exists a Levi-Civita connection ∇
r which can
be written in simple matrix form in well-chosen local frames. In [12], the local
orthonormal frame for T ∗M = 〈η〉 ⊕ π∗T ∗Σ is chosen to be (ηr, η1, η2) so that
ηi = π∗θi, i = 1, 2 where θi is a local orthonormal frame of T ∗Σ satisfying
dθ1 = κθ1 ∧ θ2
and
dθ2 = 0.
The existence of this local frame comes from the classification of space forms. The
connection 1-form under this local frame can be written in matrix form as
(3.1) ωr =
 0 −rη2 −rη1rη2 0 rηr − κη1
rη1 −rηr + κη1 0
 .
In [12], Nicolaescu studied the Dirac operators of type Dr associated to the
connection with local connection 1-form of the above form when r is small using
the adiabatic limit technique. Note that Theorem 3.1 holds when we use the partial
rescaling metrics grX = π
∗(gY ) + r
2η ⊗ η for arbitrarily small positive r. To see
this, we use a result in [6] on the asymptotic behavior of spectrum of Dr. Let {λr}
denote the spectrum of Dr, by Dai’s result of Theorem 1.5 in [6], λr is analytic on
r and either |λr | ≥
1
rλ0 ≫ 0 for r sufficiently small or has the asymptotic formula
below as
(3.2) λr ∼ λ1 + λ2r + ...
and when λ1 6= 0, the spectrum of Dr satisfies
|λr | ≥
1
2
|λ1| when r is sufficiently close to 0.
It remains to deal with the case when λ1 = 0, in which case λr decays at least
linearly in r. It’s sufficient to show that the first eigenvalue estimate Proposition
7.1 in [10] holds uniformly for r when r is small. By the same idea in the proof
of Proposition 7.1 and the result in [6], the linear operator T+,r(λ,R) : Vi(Y2) ⊕
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Vi(Y1)→ Vi(Y2)⊕ Vi(Y1) under the orthonormal eigenspinors of Dr has the matrix
of the form
Bi,r =
1
(λi,r − ωi,r)− (λi,r + ωi,r)e2ωi,rR
(
λ(e2ωi,rR − 1) −2ωi,reωi,rR
−2ωi,reωi,rR λ(1 − e2ωi,rR)
)
,
where λi,r denotes the i-th eigenvalue of Dr and ωi,r =
√
λ2i,r + λ
2. Therefore, the
operator norm of T+,r(λ,R) can be estimated by
(3.3)
∣∣∣∣ 2ωi,reωi,rR(λi,r − ωi,r)− (λi,r + ωi,r)e2ωi,rR
∣∣∣∣ ≤ 2 · eωi,rRe2ωi,rR − 1 ≤ 2 · eλ0,rRe2λ0,rR − 1
and
(3.4)
∣∣∣∣ λ(e2ωi,rR − 1)(λi,r − ωi,r)− (λi,r + ωi,r)e2ωi,rR
∣∣∣∣ ≤ λωi,r ≤ λλ0,r ,
where λi,r denotes the i-th eigenvalue of Dr and λ denotes an eigenvalue of Dr.
Then we can prove a adiabatic version of Lemma 7.2 (3) in [10].
Proposition 3.3. For any ǫ > 0, there exists polynomials R0(r) > 0 and ǫ2(r) > 0
in r such that, for any R ≥ R0(r) and 0 ≤ λ < ǫ2(r),
|T±,r(λ,R)| < ǫ.
Proof. Using (3.3) and (3.4), and the asymptotic formula (3.2), we have that since
λ0,r decays to λ1 (either 0 or nonzero) at the rate of polynomial P (r) by (3.2), then
by (3.4), we have λ/λ0,r ≤ ǫ2, which implies that λ ≤ ǫ2 · P (r). By (3.3), we have
λ0,rR ≥ R0, so R ≥ R0/λ0,r = R0/P (r). 
Under the assumption that the Dirac operator on the base satisfies kerDY = 0,
then by Theorem 1.5 in [6], we know λ1 ∈ spec(DY ⊗ kerDS1), thus λ1 6= 0 in
(3.2). Under this assumption, the polynomials ǫ2(r) and R0(r) can be chosen to be
independent of r, and furthermore the first eigenvalue estimate is uniform in the
fiber length r. See [10].
Proposition 3.4. Assuming that the spin Dirac operator
D+r : L
2
2(W∞;S
+)→ L21(W∞;S
−)
is an isomorphism for each r and the Levi-Civita Dirac operator on the base satisfies
kerDY = 0. Then there exists constants R0 > 0 and ǫ1 > 0 such that for any
R ≥ R0, the operator
∆R = D
−D+ : L22(XR;S
+)→ L2(XR;S
+)
has no eigenvalues in the interval [0, ǫ21).
Using Proposition 3.4, we can see Theorem 3.1 holds for grX with arbitrarily
small r > 0 by checking the proof in [10]. In step 6 of the proof in [10],
K : L21(Z)⊕(
⊕
L21(Wi))→ L
2(Z)⊕(
⊕
L2(Wi))⊕(
⊕
V−(M
−
i ))⊕(
⊕
V+(M
+
i ))
sending φ0 ⊕ (φ1, φ2, ...) to
0⊕0⊕(−eRDπ−φ1|M+
1
,−eRDπ−φ2|M+
2
, ...)⊕(−e−RDπ−φ0|M−
1
,−e−RDπ−φ1|M−
2
, ...).
Now we can choose r = ri chosen above, then when gX is replaced with g
ri
X , D|M
is replaced with Dri |M . If the minimum absolute value of eigenvalues of Dr is
uniformly bounded below by ǫ1 > 0 for all sufficiently small r > 0, then we can
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find a sufficiently large R so that e−Rǫ1 is sufficiently small, so the same argument
works. The following theorem gives a formula of the η(Dr).
Theorem 3.5 ([12]). For all 0 < r≪ r0, we have
(3.5)
1
2
η(Dr) =
l
12
− Sign(l)h1/2 +
l
12
(l2r4 − χr2).
Here h1/2 is the dimension of global holomorphic sections of K
1/2
Σ , the square
root of canonical bundle over Σ and l is the Euler number of the circle bundle
M → Σ. The proof in [12] by Nicolaescu is done by studying the variation of η(Dr)
as follows: Let ξr =
1
2 (η(Dr) + h(Dr)) where h(Dr) = dim ker(Dr|M), then by
Atiyah-Patodi-Singer index theorem, we can get a variation formula for ξr in terms
of spectral flow by studying the Dirac operator Du on cylinder [0, 1]×M equipped
with metric g = du2 ⊕ gr(u), u is a coordinate on [0, 1], and ∇ is the Levi-Civita
connection of g. We have
ξr1 − ξr0 = SF (Dr(u)) +
∫
[0,1]×M
Â(∇).
According to [1], Dr(u) can be chosen to be invertible for each u, so the term
SF (Dr(u)) = 0. The remaining term∫
[0,1]×M
Â(∇)
can be explicitly computed by using Chern-Simons transgression form
T Â(∇r(0),∇r(1)) =
d+ 1
2
∫ 1
0
Â(ω,Ωt)dt,
where ω = ∇r(0) −∇r(1) and Ωt is curvature form of ∇
r(0) + tω. We have∫
[0,1]×M
Â(∇) =
∫
M
T Â(∇r(0),∇r(1)) =
d+ 1
2
∫ 1
0
Â(ω,Ωt) dt,
which follows from a general lemma below
Lemma 3.6. Let F : g × g × · · · × g → R be a k-linear function on Lie algebra
of G and F is invariant under adjoint action of G on g. Given a linear path of
connection 1-form ωt = ω0 + tα on a principal G-bundle P , Ωt = dωt + ωt ∧ ωt is
the curvature 2-form of ωt, then
d
dt
F (Ωt, ...,Ωt) = kdF (α,Ωt, ...,Ωt).
Proof. By definition
Ωt = dωt + ωt ∧ ωt
= dω0 + tdα+ (ω0 + tα) ∧ (ω0 + tα)
= Ω0 + tdα+ tω0 ∧ α+ tα ∧ ω0 + t
2α ∧ α
dΩt = dωt ∧ ωt − ωt ∧ dωt
= (Ωt − ωt ∧ ωt) ∧ ωt − ωt ∧ (Ωt − ωt ∧ ωt)
= [Ωt, ωt].
8
Using linearity of F , we have ddtF (Ωt, ...,Ωt) = kF (dα+ [ωt, α],Ωt, ...,Ωt), and
dF (α,Ωt, ...,Ωt) = F (dα,Ωt, ...,Ωt) + (k − 1)F (α, [ωt,Ωt], ...,Ωt).
Since F is invariant under adjoint action,
F ([ωt, α],Ωt, ...,Ωt)− (k − 1)F (α, [ωt,Ωt], ...,Ωt) = 0,
it’s immediate to get
d
dt
F (Ωt, ...,Ωt) = kdF (α,Ωt, ...,Ωt).

3.3. Eta Invariants of Signature Operator. In [13], Ouyang computed the η-
invariant of signature operator for circle bundles over surface Σ. In fact, he proved
a more general theorem when Σ is orbifold.
Theorem 3.7 ([13]). Let p : E → Σ be a complex line bundle over surface Σ. Equip
the fiber with metric g˜ and let ∇˜ be a g˜ preserving connection in E. Assume the
curvature R˜ is constant on F . Then the η-invariant of the circle bundle of radius
r is given by
(3.6) η(SrE) =
2
3
l
{
πr2
Vol(Σ)
χ− (
πr2
Vol(Σ)
)2l2
}
+
1
3
l − Sign(l),
where l is the Euler number of the line bundle E → Σ, χ is the Euler characteristic
of Σ.
We can check that the corresponding disk bundle of the circle bundle M → Σ
equipped with connection η and the metric gM = gF ⊕π∗gΣ = η⊗η⊕π∗gΣ satisfies
the conditions of the theorem above. First extend the metric from M → Σ to its
disk bundle E → Σ by setting
gE = dr
2 + r2gF + π
∗gΣ = dr
2 + r2η ⊗ η + π∗gΣ.
The connection ∇˜ can be defined to be of the form
∇˜ = d⊕ π∗(∇Σ),
where ∇Σ is the Levi-Civita connection of gΣ. In fact, for any local vector fields
X,Y, Z on the fiber of E → Σ, we have
∇˜Z(η ⊗ η(X,Y )) = (d+ iη)(Z)(η(X)η(Y ))
= (Zη(X))η(Y ) + η(X)(Zη(Y )) + 2iη(Z)η(X)η(Y )
= η(∇˜ZX)η(Y ) + η(X)η(∇˜ZY )
= η ⊗ η(∇˜ZX,Y ) + η ⊗ η(X, ∇˜ZY ).
Therefore, we can see that ∇˜ is compatible with the fiber metric. The curvature
tensor of ∇˜, R˜ is pulled back from the curvature tensor R of ∇Σ, so it is invariant
along the fiber.
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4. Result
It’s not hard to see from 3.5 and 3.6 that
ω(X, gX , β) = −
1
2
hD −
1
2
ηD(M, g|M )−
1
8
ηsign(M) = −
1
2
hD + h1/2(4.1)
Note here in ω(X, gX , β) we use the Levi-Civita connection of gX to define the η-
invariant of Dirac operator, however, in the definition of Seiberg-Witten invariant,
the connection we used is circle bundle compatible connection of the form ∇˜ =
d ⊕ π∗(∇Y ). The idea to solve this problem is to consider a path of connections
∇t, t ∈ [0, 1] connecting the Levi-Civita connection and the bundle compatible
connection ∇˜ such that ∇t is compatible with gX for each t ∈ [0, 1], the associated
Dirac operators Dr,tA at time t can be viewed as a compact perturbation of D
r,0
A , so
have the same index.
Consider a path of connections ∇t by generalizing the method in [12] to 4-
manifolds: first define a sequence of bundle metrics parameterized by the length of
fiber g
(r)
X = r
2η ⊗ η ⊕ π∗gY where η be the globally defined connection 1-form of
length 1 with respect to the metric gX = g
(1)
X . Then we complete rη to form a local
orthonormal coframe of the form {e0 = rη, e1, e2, e3} and let {e0, e1, e2, e3} be the
corresponding local dual orthonormal frame with respect to the metric g
(r)
X . We
define as in [12] a family of bundle maps Lt : TX → TX locally by
e0 → te0, ei → ei, i = 1, 2, 3
where e0 is the vector field of the free circle action defined earlier. Lt defines an
isometry from (TX, g
(rt)
X ) to (TX, g
(r)
X ) for r > 0 and t ∈ (0, 1]. Now the connection
defined by
∇r,t = Lt∇
rtL−1t
is compatible with g
(r)
X . To see this, let X,Y, Z be local vector field on X and
compute the derivative of g(r)(Y, Z) in the direction X .
Xg(r)(Y, Z) = Xg(rt)(L−1t Y, L
−1
t Z)
= g(rt)(∇
(rt)
X L
−1
t Y, L
−1
t Z) + g
(rt)(L−1t Y,∇
(rt)
X L
−1
t Z)
= g(r)(Lt∇
(rt)
X L
−1
t Y, Z) + g
(r)(Y, Lt∇
(rt)
X L
−1
t Z).
We will choose ∇r,t, t ∈ [0, 1] as our path of connections. Using the local frame
defined earlier, we can write down the matrix of connection 1-form ω as follows
ωr,t =


0 ra
(t)
12 e
2 + ra
(t)
13 e
3
−ra
(t)
12 e
1 + ra
(t)
23 e
3
−ra
(t)
13 e
1
− ra
(t)
23 e
2
−ra
(t)
12 e
2
− ra
(t)
13 e
3 0 −ra
(t)
12 e
0 + ω12 −ra
(t)
13 e
0 + ω13
ra
(t)
12 e
1
− ra
(t)
23 e
3 ra
(t)
12 e
0
− ω12 0 −ra
(t)
23 e
0 + ω23
ra
(t)
13 e
1 + ra
(t)
23 e
2 ra
(t)
13 e
0
− ω13 ra
(t)
23 e
0
− ω23 0

 ,
where a
(t)
ij = taij and aij is defined by
dη = e1 ∧ (a12e
2 + a13e
3) + e2 ∧ (−a12e
1 + a13e
3) + e3 ∧ (−a13e
1 − a23e
2).
The connection 1-form matrix of ∇˜ is
ω˜ =

0 0 0 0
0 0 ω12 ω
1
3
0 −ω12 0 ω
2
3
0 −ω13 −ω
2
3 0
 .
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We can see from the connection matrix above that ∇r,t → ∇˜ as t→ 0. When t = 1,
Lt = id, ∇r,t is just the Levi-Civita connection of g
(r)
X . The path of corresponding
Dirac operators can be written down as
Lemma 4.1.
Dr,tA = DA −
1
2
r2t2σ(η ∧ dη),
where Dr,tA is the Dirac operator associated to the Levi-Civita connection ∇
r,t and
DA is the Dirac operator associated to the connection ∇˜.
Proof. The proof is essentially the same as the proof given in [4]. It follows by
writing down the local connection 1-form matrix ωr,t and ω˜ for ∇r,t and ∇˜ re-
spectively using a local frame as we did above and take the difference 1-form
ω = ωr,t − ω˜ ∈ Ω1(so(T ∗X)). Then the local difference of the two correspond-
ing Dirac operators Dr,tA and DA can be written as the Clifford multiplication by
ω
Dr,tA −DA = σ(ω)
here ω ∈ Ω1(so(T ∗X)) ∼= Ω1(Λ2T ∗X), where the latter is the space of 1-forms with
value in the exterior square of T ∗X . Using the isomorphism
(akj ) 7−→
1
2
∑
j<k
ajke
j ∧ ek
from so(4) to Λ2T ∗X , we can write ω as an element in Ω1(Λ2T ∗X)
ω =
1
2
3∑
i=1
ei ⊗ (rtη) ∧ ιei(d(rtη)) +
1
2
rtη ⊗ d(rtη),
then
σ(ω) = −
1
2
r2t2σ(η ∧ dη).

It remains to show that the index of Dr,tA is unchanged along the path t = 0 to
t = 1. As we can see from the lemma above, Dr,tA can be thought of as zero order
perturbation of DA and by the theory in compact operator, it’s sufficient to prove
the following lemma
Proposition 4.2. If ω ∈ Ω1(Λ2T ∗X), and i is the Sobolev embedding L21(W
∞;S−) ⊂
L2(W∞;S−), σ(ω) is the Clifford multiplication, then the composition
i ◦ σ(ω) : L21(W
∞;S+)→ L2(W∞;S−)
is compact.
Proof. The Sobolev inequality may fail for non-compact manifold. So i may not
be a compact operator in general. We use instead the Laplace-Fourier transform
introduced in [17]. Consider the following diagram,
L21(W
∞;S+) L2(W∞;S−)
L21(X ;S
+) L2(X ;S−)
Ψ
F F
Ψ̂
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Here Ψ is the composition i ◦ σ(ω) defined above, and F is the Laplace-Fourier
transform. To prove the compactness of Ψ, consider a bounded sequence of sections
{uk} ∈ L21(W
∞;S+) and we need to prove {Ψ(uk)} has a convergent subsequence.
To show this, we apply Laplace-Fourier transform to {uk} and get a sequence
{F(uk)} of sections in L
2
1(X ;S
+), which is bounded by proposition 4.1 in [17]. By
direct computation, Ψ̂ has the same form as Ψ = i◦σ(ω) : L21(X ;S
+)→ L2(X ;S−),
which is a compact operator when X is compact by the Rellich theorem. So
{Ψ̂(F(uk))} has a convergent subsequence. We obtain a corresponding subsequence
by taking the inverse transform as is defined in [17]
vk(x+ n) =
1
2πi
∫
I(ν)
e−µ(f(x)+n)Ψ̂(F(uk))(x) dµ.
We can prove that vk(x) is convergent by showing that the inverse Laplace transform
L2(X ;S−)→ L2(W∞;S−)
is bounded. This can be seen by∫
W∞
|g| · |vk| dx =
1
2πi
∫
W∞
|g| ·
∣∣∣∣ ∫
I(ν)
e−µ(f(x)+n)Ψ̂(F(uk))(x)
∣∣∣∣ dx
≤
1
2πi
∫
W∞
|g| · ‖Ψ̂(F(uk))(x)‖L2(X) ·
(∫
I(ν)
|e−µ(f(x)+n)|2
)1/2
≤
1
2πi
‖g‖L2(W∞) ·
(∫
W∞
∫
I(ν)
|e−µ(f(x)+n)|2
) 1
2
· ‖Ψ̂(F(uk))‖L2(X)
and the fact that the integral∫
W∞
∫
I(ν)
|e−µ(f(x)+n)|2 <∞

In particular, we can use the above result to prove the correction term (4.1) is
0.
ω(X, gX , β) = −
1
2
hD + h1/2 = −
1
2
hD + h1/2
and in [12], Nicolescu claimed the last term is 0.
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